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Another case of on-trivial vacuum behavior

From a discussion between Sinyukov and Akkelin regarding the statistical non-
equilibrium density operator

S V Akkelin,  10.1140/epja/i2019-12755-9, 10.1103/PhysRevD.103.116014

ො𝜌𝑁𝐸𝐷𝑂 =
𝑒−෡Υ

𝑍Υ
=

1

𝑍𝛶
exp − න𝑑Σ𝜇

෠𝑇𝜇𝜈𝑢𝜈

𝑇

The proper way to renormalize the operators to get the expectation values starts from 

removing the minimum of the ෡Υ operator, not the Hamiltonian (Minkowski vacuum)

But the particle number operator (and momentum etc.)  is simply normal ordered:  

The ``𝚼 vacuum ’’ contributes to the total number of particles. (similar to the Unrhu 
vacuum contribution)

A cautionary tale regarding popular assumptions, and taking them for granted
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How the heck are relativistic scalar fields supposed not to see a 
static classical source?(non-relativistic particles see them!)

Staring from the S-matrix idea 

x

x

𝑉(𝑥)|𝜓 𝑥 |2 ෡𝐻 =
෠𝑃2

2 𝑀
+ 𝑉 ෠𝑋 ≠

෠𝑃2

2𝑀
= ෡𝐻0

Transition probability amplitudes 
between asymptotically-free 
states 𝜓𝑖𝑛/𝑜𝑢𝑡

lim
𝑡→±∞

𝜓𝑖𝑛\out = 𝜓𝑓𝑟𝑒𝑒
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In quantum mechanics it is only relevant the action of the operators over 

the wavefunctions                      𝒆− ෡𝑯 𝒕−𝒕𝟎 𝝍(𝒕𝟎, 𝒙)
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How the heck are relativistic scalar fields supposed not to see a 
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Staring from the S-matrix idea 

x

x

𝑉(𝑥)|𝜓 𝑥 |2 ෡𝐻 =
෠𝑃2

2 𝑀
+ 𝑉 ෠𝑋 ≠

෠𝑃2

2𝑀
= ෡𝐻0

Transition probability amplitudes 
between asymptotically-free 
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lim
𝑡→±∞

𝜓𝑖𝑛\out = 𝜓𝑓𝑟𝑒𝑒
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Type equation here.

𝜓𝑖𝑛(𝑡, 𝑥)
𝑡 → −∞

න
𝑑𝑝

2𝜋
𝜓𝑖𝑛

𝑓𝑟𝑒𝑒
𝑝  𝑒−𝑖𝐸𝑝𝑡+𝑖𝑝𝑥

𝑡 → +∞
න

𝑑𝑝

2𝜋
𝜓𝑜𝑢𝑡

𝑓𝑟𝑒𝑒
𝑝  𝑒−𝑖𝐸𝑝𝑡+𝑖𝑝𝑥𝜓𝑜𝑢𝑡(𝑡, 𝑥)
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How the heck are relativistic scalar fields supposed not to see a 
static classical source?(non-relativistic particles see them!)

Staring from the S-matrix idea 

x

x

𝑉(𝑥)|𝜓 𝑥 |2 𝜓𝑜𝑢𝑡 𝜓𝑖𝑛 = ⟨𝜓𝑜𝑢𝑡
𝑓𝑟𝑒𝑒

𝑆 𝜓𝑖𝑛
𝑓𝑟𝑒𝑒

⟩

In other words, in the interaction 
picture

⟨𝜓𝑜𝑢𝑡
𝑓𝑟𝑒𝑒

𝑆 𝜓𝑖𝑛
𝑓𝑟𝑒𝑒

⟩ = 𝜓𝑜𝑢𝑡 𝜓𝑖𝑛 =

lim
𝑡−→−∞
𝑡+→+∞

⟨ ෨𝜓𝑜𝑢𝑡
𝑓𝑟𝑒𝑒

𝑈𝐼(𝑡+, 𝑡−) ෨𝜓𝑖𝑛
𝑓𝑟𝑒𝑒

⟩
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⟩

If formally corretct, it is complicated to work with wavefunctions,

most people prefer the basis         ෡𝑷𝟎
𝝁

𝒑 = 𝒑𝝁|𝒇𝒓𝒆𝒆 |𝒑⟩

In other words, in the interaction 
picture
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𝑈𝐼(𝑡+, 𝑡−) ෨𝜓𝑖𝑛
𝑓𝑟𝑒𝑒

⟩

How to “force” some free states in among the physical ones?
To make a good use of         𝐔𝐈(𝐭, 𝐭𝟎)

adiabatic function 𝑓(𝑡)

𝑡−Δ − 𝑇/2 −𝑇/2 0 𝑇/2 Δ + 𝑇/2

1

𝑉 𝑥 → 𝑓 𝑡 𝑉(𝑥)

It’s dumb, but I’ll teach you.
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How the heck are relativistic scalar fields supposed not to see a 
static classical source?(non-relativistic particles see them!)

Rather than from the Schrödinger equation and the action of the Hamiltonian on 
a generic state, one starts from the Klein-Gordon equation
with a source

□ + 𝑚2  ෠𝜙 𝑡, 𝒙 = 𝑔 𝜌(𝒙)

It’s dumb, but I’ll teach you.

As long as the state of the system is localized far away from the source,  the only 
part of the field that can act upon it evolves as a free one □ + 𝑚2  ෠𝜙0 𝑡, 𝒙 = 0

Since the quantum observable are built from  the  field ෡𝝓(𝒙) (like the energy density), the situation 
is analogous to the single particle case (one expects asymptotically free states, as long as they are 
far enough).

What could possibly go wrong?
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How the heck are relativistic scalar fields supposed not to see a 
static classical source?(non-relativistic particles see them!)

Making use of the adiabatic switch in the (interaction picture) Hamiltonian, 
solving the Dyson series, using the Wick’s theorem, factorizing and exponentiating 
the connected 
Wick’s diagrams, one finally has

𝑆 ≃ lim
𝑇→∞

𝑈𝐼 ≃ 𝑒−𝑖𝐸0𝑇  ෠1

I teach it at the beginning of the QFT 
course because it’s simple, but a real 

physicist should do better!

This is consistent with the hypothesis that the interaction has the sole effect to 
add a time dependent phase 𝝍 → 𝒆−𝒊 𝑬𝟎𝒕𝝍 to any state.

In fact, it could be removed altogether by adding a 
counterterm to the Lagrangian, as usual. 

Such a minimal change would leave physics unaffected. It would change only the energy 
measurements (and related ones), but only as an off-set. No changes in relative energies 
measurements
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Exact solution (with a generic source)

The field equation can be solved with the Green functions, just not in their more familiar 
incarnation 

□ + 𝑚2  ෠𝜙 𝑥 = 𝑔 𝜌 𝑥 ⇒ ෠𝜙 𝑥 = ෠𝜙0 𝑥 + 𝑔 න𝑑4𝑦 𝐺 𝑥 − 𝑦 𝜌(𝑦)

□ + 𝑚2  ෠𝜙0 𝑡, 𝒙 = 0

It is not uncommon to see the use of the retarded Green function (having a 𝜽(𝒕 − 𝒚𝟎) ), but this ix 
incompatible with a time-independent source. The general solution reads

It can be obtained splitting the time axis −∞,  ∞ = −∞, 𝑡0 ∪ 𝑡0, ∞ , and using 
the advanced function in the 𝑡 ≤ 𝑡0 region, and retarded function in the 𝑡 ≥ 𝑡0 𝑜𝑛𝑒
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Exact solution (with a generic source)

Using the normalization ෠𝜙0 𝑥 = න
𝑑3𝑝

2𝜋 3 2𝐸𝒑

𝑎𝒑 𝑒−𝑖 𝑝⋅𝑥 + ℎ. 𝑐.
 

𝑎𝒑(𝑡)

The additional term to the ladder 
operator is the regular function

Using one has ෠𝜙 𝑥 = න
𝑑3𝑝

2𝜋 3 2𝐸𝒑

𝑎𝒑 + 𝑓 𝑡, 𝒑  𝑒−𝑖 𝑝⋅𝑥 + ℎ. 𝑐.
 

𝑓 𝑡, 𝒑 = 𝑖 𝑔 න
𝑡0

𝑡

𝑑𝑦0 න
𝑑3𝑦

2𝐸𝒑

 𝜌 𝑦  𝑒𝑖𝑝⋅𝑦
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Exact solution (with a generic source)

It is immediate to recognize the number operator

In stark contrast with the expectations, the particle vacuum is not stable for a 
time-independent source

Using one has 𝑁0 t = ⟨0| ෡𝑁 𝑡 |0⟩ = න
𝑑3𝑝

2𝜋 3
𝑓∗ 𝑡, 𝒑 𝑓 𝑡, 𝒑 2 

෡𝑁(𝑡) = න
𝑑3𝑝

2𝜋 3
𝑎𝒑

† (𝑡)𝑎𝒑 (𝑡) 

𝑓 𝑡, 𝒑 = 𝑖 𝑔 න
𝑡0

𝑡

𝑑𝑦0 න
𝑑3𝑦

2𝐸𝒑

 𝜌 𝒚  𝑒𝑖𝑝⋅𝑦 = 𝑔
𝑒𝑖𝐸𝒑𝑡 − 𝑒𝑖𝐸𝒑𝑡0

2𝐸𝒑
3 1/2

න𝑑3𝑦  𝜌 𝒚  𝑒−𝑖𝒑⋅𝑦
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Exact solution (time-independent source)

In terms of the source, the expected number of particles read 

It never disappears, and the large volume limit of the asymptotic density 
depends on the shape

𝑁0 t = 𝑔2 න
𝑑3𝑝

2𝜋 3

4 sin2 𝐸𝒑Δ𝑡/2

2 𝐸𝒑
3 ෤𝜌 𝒑 2 = 𝑔2 න

𝑑3𝑝

2𝜋 𝐸𝒑
3 ෤𝜌 𝒑 2 1 − cos 𝐸𝒑Δ𝑡

 

෤𝜌(𝒑) = න𝑑3𝑦  𝜌 𝒚  𝑒−𝑖𝒑⋅𝑦

𝑓 𝑡, 𝒑 = 𝑖 𝑔 න
𝑡0

𝑡

𝑑𝑦0 න
𝑑3𝑦

2𝐸𝒑

 𝜌 𝒚  𝑒𝑖𝑝⋅𝑦 = 𝑔
𝑒𝑖𝐸𝒑𝑡 − 𝑒𝑖𝐸𝒑𝑡0

2𝐸𝒑
3 1/2

න𝑑3𝑦  𝜌 𝒚  𝑒−𝑖𝒑⋅𝑦
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Psrticles production
(never constant production rate)
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Exact solution (with a generic source)

Thanks to the full exact expression

𝑎𝒑(𝑡)

for a generic initial state |𝜓⟩

and the properties of the time-dependent ladder operators, one can fully solve for the 
partial wave amplitudes

෠𝜙 𝑥 = න
𝑑3𝑝

2𝜋 3 2𝐸𝒑

𝑎𝒑 + 𝑓 𝑡, 𝒑  𝑒−𝑖 𝑝⋅𝑥 + ℎ. 𝑐.
 

𝑓 𝑡, 𝒑 = 𝑖 𝑔 න
𝑡0

𝑡

𝑑𝑦0 න
𝑑3𝑦

2𝐸𝒑

 𝜌 𝑦  𝑒𝑖𝑝⋅𝑦

𝜓 𝑡; 𝒑1, ⋯ , 𝒑𝑛 = ⟨𝒑1, ⋯ , 𝒑𝑛|𝑈 𝑡, 𝑡0 |𝜓⟩
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Exact solution (with a generic source)

Indeed

and therefore

𝑎𝒑(𝑡)

the extra phase can be written in terms of the free propagator 𝑈0 𝑡, 0 , as usual 
for the ladder operators

෠𝜙 𝑥 = න
𝑑3𝑝

2𝜋 3 2𝐸𝒑

𝑎𝒑 + 𝑓 𝑡, 𝒑  𝑒−𝑖 𝑝⋅𝑥 + ℎ. 𝑐.
 

𝑓 𝑡, 𝒑 = 𝑖 𝑔 න
0

𝑡

𝑑𝑦0 න
𝑑3𝑦

2𝐸𝒑

 𝜌 𝑦  𝑒𝑖𝑝⋅𝑦
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Exact solution (with a generic source)

The time-dependent ladder operators evolve with the interaction picture propagator

𝑎𝒑(𝑡)

time-dependent basis of particles eigenstates

෠𝜙 𝑥 = න
𝑑3𝑝

2𝜋 3 2𝐸𝒑

𝑎𝒑 + 𝑓 𝑡, 𝒑  𝑒−𝑖 𝑝⋅𝑥 + ℎ. 𝑐.
 

𝑓 𝑡, 𝒑 = 𝑖 𝑔 න
0

𝑡

𝑑𝑦0 න
𝑑3𝑦

2𝐸𝒑

 𝜌 𝑦  𝑒𝑖𝑝⋅𝑦

𝑎𝒑 𝑡 = 𝑈𝐼
−1 𝑡, 0  𝑎𝒑 𝑈𝐼 𝑡, 0
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Exact solution (with a generic source)

General decomposition of a state

the shift in the time dependent ladder operator does not change their 
commutation relations ⇒  𝑡 ⟨𝑝1, ⋯ 𝑝𝑛|𝑘1, ⋯ , 𝑘𝑛⟩, in particular

𝜓 𝑡; 𝒑1, ⋯ , 𝒑𝑛 = 𝒑1, ⋯ , 𝒑𝑛 𝑈 𝑡, 0 𝜓 = 𝒑1, ⋯ , 𝒑𝑛 𝑈0(𝑡, 0) 𝑈𝐼 𝑡, 0 𝜓 =  ෑ

𝑗=1

𝑛

𝑒
−𝑖 𝐸𝒑𝑗

 𝑡
𝒑1, ⋯ , 𝒑𝑛 𝑈𝐼 𝑡, 0 𝜓

= 𝑒
−𝑖 σ𝑗

 𝐸𝒑𝑗
𝑡
 𝑡 𝒑1, ⋯ , 𝒑𝑛 𝑈 𝑡, 0 𝜓

𝜓0 𝑡; 𝒑1, ⋯ , 𝒑𝑛 = 𝒑1, ⋯ , 𝒑𝑛 𝑈 𝑡, 0 0 =
e

−
1
2

𝑁0 𝑡 +𝑖𝜙(𝑡)

𝑛!
 ς𝑗 𝑒

−𝑖𝐸𝒑𝑗
𝑡
 𝑓 𝑡, 𝒑𝑗 2𝐸𝒑𝑗

The probability of the vacuum to remain is 𝒆−𝑵𝟎, not an exponential decay law.
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Particular case: vacuum decay
(for the previous, time-independent, sources)
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What went wrong in the past?

Besides the field equations the Lagrangian density                                                                                        
can gives the four-momentum operators

1

2
𝜕𝜇  ෠𝜙 𝜕𝜇 ෠𝜙 −

1

2
𝑚2 ෠𝜙2 + 𝑔 𝜌 ෠𝜙 

෠𝑃𝜇 = න 𝑑3𝑥 ෠𝑇0𝜇 =

෡𝐻 = න𝑑3𝑥 ෠𝑇00 = න
𝑑3𝑝

2𝜋 3  𝐸𝒑 𝑎𝒑
† + 𝑓∗ 𝑡, 𝒑 −

𝑖

𝐸𝒑
𝜕𝑡𝑓∗ 𝑡, 𝒑 𝑎𝒑

 + 𝑓 𝑡, 𝒑 +
𝑖

𝐸𝒑
𝜕𝑡𝑓 𝑡, 𝒑

෠𝑃𝑖 = න𝑑3𝑥  ෠𝑇0𝑖 = න
𝑑3𝑝

2𝜋 3  𝑝𝑖 𝑎𝒑
† + 𝑓∗ 𝑡, 𝒑

 
𝑎𝒑

 + 𝑓 𝑡, 𝒑
 

= න
𝑑3𝑝

2𝜋 3  𝑝𝑖𝑎𝒑
†(𝑡)𝑎𝒑

 (𝑡)

The energy eigenstates are coherent states of the particle and momentum eigenstates

No asymptotically free states! In fact, no regular vacuum 
෠𝑃𝜇 Ω = 0 ∀ 𝜇 
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But the arguments for the free states seemed ok

Do we have something similar?

The full evolution of states is an interference pattern between the decaying vacuum, 
absorption amplitudes, and the original wavefunction

|𝜓1⟩ = න
𝑑3𝑘

2𝜋 32𝐸𝒌
𝜓 𝒌 |𝒌⟩

The one particle partial wave reads

                                            with
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But the arguments for the free states seemed ok

Can we see if an alien civilization in the 
Andromeda galaxy turned on a classical 
source from this interference pattern?

Do we have something similar?

The full evolution of states is an interference pattern between the decaying vacuum, 
absorption amplitudes, and the original wavefunction

𝜓0 𝑡; 𝒑1, ⋯ , 𝒑𝑛 = 𝒑1, ⋯ , 𝒑𝑛 𝑈 𝑡, 0 0 =
e

−
1
2𝑁0 𝑡 +𝑖𝜙(𝑡)

𝑛!
 ς𝑗 𝑒

−𝑖𝐸𝒑𝑗
𝑡
 𝑓 𝑡, 𝒑𝑗 2𝐸𝒑𝑗



Conclusions and outlook
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• Despite the highly held expectations, the interaction is not 
trivial for time-independent classical sources. 

• Exact solutions of the Schwinger like vacuum decay, no 
constant particle production rate.

• Non perturbative source of particles from a medium, 
especially important for suppressed perturbative processes.

Thank you for your attention!
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